Abstract: Based on a careful analysis of functional models for contractive multi-analytic operators we establish a one-to-one correspondence between unitary equivalence classes of minimal contractive liftings of a row contraction and injective symbols of contractive multi-analytic operators. This allows an effective construction and classification of all such liftings with given defects. Popescu's theory of characteristic functions of completely noncoisometric row contractions is obtained as a special case satisfying a Szegö condition. In another special case of single contractions and defects equal to 1 all non-zero Schur functions on the unit disk appear in the classification. It is also shown that the process of constructing liftings iteratively reflects itself in a factorization of the corresponding symbols.
Introduction
Functional models from analytic functions were developed by Sz.Nagy-Foias [NF70] and used for classifying contractive operators on Hilbert spaces. A similar approach was used by Popescu in [Po89b] for classifying row contractions by certain multi-analytic operators. These classifying objects were called characteristic functions. In [DG07] and more explicitly in [DG11] characteristic functions of liftings of row contractions were introduced and it was shown that they are complete invariants for unitary equivalence in a certain class of liftings. Here we present an approach which is based on a systematic use of associated functional models which on the one hand exhibits Popescu's characteristic functions as special cases of characteristic functions of liftings and which on the other hand fully discloses the additional potentials of our generalization.
Let us immediately introduce the two main players. for suitable d-tuples B and A then E is called a lifting of C. The lifting is called contractive if E is still a row contraction and it is called minimal if H E is the smallest E-invariant subspace containing H C . We remark that it presents no particular difficulties to include sequences of operators (d = ∞) but we write all formulas as if d is finite.
To establish a correspondence between the two main players we start with a detailed discussion of functional models. We use the generalized setting introduced by Popescu in [Po89b] to study row contractions. The case d = 1 (single contractions) is of course of special interest and our results are new also for d = 1 but these results work just as well for general d. This observation is important because from the case d > 1 there are promising applications to the dynamics of open quantum systems, see [Go12] for an introduction to this topic and further references along these lines. The impact of our results on these applications will be worked out elsewhere.
In Section 2 we prove properties of functional models to be used later. The results which are new depend on insights about the geometry of an invariant subspace for a row isometry which we prove in an Appendix to this paper in the form of a geometric lemma. They establish relations between the positions of certain subspaces on the one hand and properties of the symbol Θ of the multi-analytic operator on the other hand.
Section 3 is the core of the paper. Based on the results about the functional model and extending ideas from [DG11] , we work out a mapping E which, for any given row contraction C, maps contractive multi-analytic operators M Θ : Γ ⊗ D → Γ ⊗ L, with dim L equal to the defect of C, to contractive liftings E of C. In the converse direction we make use of the theory of the minimal isometric dilation for the contractive lifting E to construct a mapping M from contractive liftings E of a given row contraction C to contractive multi-analytic operators M Θ : Γ ⊗ D → Γ ⊗ L, with dim L equal to the defect of C. Suitably restricted the maps E and M become inverses of each other and we obtain a one-to-one correspondence between unitary equivalence classes of minimal contractive liftings and equivalence classes of injective symbols. This justifies to call the corresponding multi-analytic operators characteristic functions of liftings, as has been done already in [DG11] . With the theory developed here we provide a complete answer to the open problem posed at the end of Section 3 in [DG11] to classify the multi-analytic operators which can occur as characteristic functions of liftings. The surprisingly simple answer, all that is needed is the easily checked property of injectivity of the symbol, shows that the connection with liftings is a very natural application of multi-analytic operators and makes it now much easier to develop the applications. We can always study minimal contractive liftings via the corresponding symbols. As an example of such an application we study the factorization of liftings with the help of the corresponding factorization of the characteristic functions (compare [NF70] , [Po06a] ).
In Section 4 we revisit Popescu's work in [Po89b] where he defined a characteristic function for a completely non-coisometric row contraction as a certain multi-analytic operator. We show that this can be considered as a special case of our theory in the sense that Popescu's characteristic functions appear as characteristic functions of a special type of liftings and that the property of being a complete invariant for unitary equivalence follows from the corresponding result about liftings in Section 3.
In Section 5 we look at a class of examples: minimal contractive liftings E of a single contraction C such that both C and E have defect equal to 1. By our theory the unitary equivalence classes of these liftings are in oneto-one correspondence with non-zero Schur functions on the unit disk (up to unimodular complex factors). This gives us an opportunity to illustrate many of the previous results by easily computable examples. Already in this case there is a lot more to find out about these liftings in the future by making a more systematic use of what is known about Schur functions. Operator valued Schur functions have been used for commutant lifting, see [FF90] and more recently [FHK06] .
Related work in different directions is done in [Ar98] , [BV05] , [DH14] , [FF90] , [FHK06] , [FS12] , [Go09] , [MS09] and [Po06b] . But the explicit parametrization of all minimal contractive liftings achieved here is new and provides an excellent basis for studying applications, for example the dynamics of open quantum systems mentioned earlier. In fact in the special case of the minimal isometric dilation it is long known and well studied how it describes the embedding of open into closed quantum systems, see for example [DG07, Go12] . Let us finish this introduction with a short reminder of the well known theory of the minimal isometric dilation V T of a row contraction T = (T 1 , . . . , T d ) which appears in several places in this paper. It was first presented in [Po89a] , with small modifications we use the notation from [DG11] . In both papers a lot of additional details can be found. Recall that a d-tuple V = (V 1 , . . . , V d ) on a Hilbert space H is called a row isometry if V * V = I or, equivalently, the V j are isometries with orthogonal ranges. For any row contraction T = (T 1 , . . . , T d ) on a Hilbert space H T there exists a row isometry V = (V 1 , . . . , V d ) on a bigger Hilbert space such that T α = P H T V α | H T for all α. Here we use, as in similar cases, the notation P X for the orthogonal projection onto X and the notation T α for any word α = α 1 . . . α m with letters α k ∈ {1, . . . , d} to stand for the operator T α 1 . . . T αm . We call m = |α| the length of the word. For all α means here and later: for all such words of all possible lengths including the empty word of length 0 which corresponds to the identity operator. A row isometry V with this property is called an isometric dilation of T . If we require minimality in the sense that the bigger Hilbert space is the smallest closed V -invariant space containing H T then this determines V up to unitary equivalence and we denote it by V T , on the Hilbert spaceĤ T ⊃ H T . There is a canonical construction of the minimal isometric dilation analogous to the Schäffer construction for a single contraction: Recall that the operator 
Note that by this construction we can think of M Θ as the orthogonal projec-
It is easy to see that V is a row isometry on H Θ . Observe that 
Further we define
We now use Lemma 6.1 which we have postponed to an Appendix of this paper. By Lemma 6.1(1) we have ker (
* , the last inclusion is Lemma 6.1(3) from the Appendix. Hence also L E ⊂ ker (V D ) * and we conclude that
In the following we determine how equalities in these inclusions depend on properties of the symbol Θ. Recall that the symbol Θ of M Θ is defined by
Definition 2.1. We say that a symbol
The following result about the functional model is crucial for our applications to characteristic functions later. It also relies on Lemma 6.1.
Then the following statements hold:
Proof. (a) From Lemma 6.1(2) it follows that for x ∈ ker (V D ) * we have x ⊥ L A if and only if x ∈ ker V * . This is the case if and only if for all
we infer that
Finally (e) follows by combining (c) and (d). Note that having no constant directions clearly implies injectivity.
The traditional motivation for functional models is the study of the com-
In the following proposition we give some properties which will be used later. Note that by construction V is an isometric dilation of A and the criterion for minimality given in (c) is our first application of Theorem 2.2. Recall that A is called completely non-coisometric if z ∈ H A satisfies 
which happens if and only if Θ has no constant directions.
With ξ = η we find ∆ Θ η = 0 and hence z = 0.
This proves (a). If z ∈ H
Restriction of V to the smallest closed V -invariant subspace containing H A and the wandering subspace L A provides a minimal isometric dilation for A. Hence V itself is a minimal isometric dilation of A if and only if L A = ker (V D ) * . The second half of (c) is a restatement of Theorem 2.2(e).
Note that (b) has already been observed in [Po89b] , in the proof of Theorem 5.1 there. But instead of the property of having no constant directions other more restrictive properties of Θ appear in this proof. The reason will become clear when we discuss the characteristic function of A in Section 4.
From Contractive Multi-Analytic Operators to Contractive Liftings and Back
Let C = (C 1 , . . . , C d ) be any row contraction on a Hilbert space H C , fixed once and for all. We now define a mapping E from contractive multi-analytic operators
where dim L is equal to the defect of C, to contractive liftings E of C. Note that on the Hilbert spacê
we have the row isometry V on H Θ from the functional model construction. It restricts to the canonical row shift on Γ ⊗ L which is a reducing subspace for V . Identifying L with the defect space D C we also have the minimal isometric dilation V C on H C ⊕ (Γ ⊗ L) which also restricts to the canonical row shift on Γ ⊗ L. Hence we can combine V and V C to a row isometry on H which we callV . If we examine the decompositionĤ = H E ⊕ H D with H E := H C ⊕ H A then we obtain on H E a contractive lifting of C as follows:
By definition this lifting E is the result of the mapping E applied to M Θ . So we have E = E(M Θ ) and we also write E C (M Θ ) or E C,Θ if we want to include the dependence on the original row contraction C in the notation. Note further thatV is an isometric dilation of E and we also have E α = P H EV α | H E for all words α. The notation L E introduced in Section 2 is consistent with the notation for isometric dilations of E in the sense that
hence we find a version of the minimal isometric dilation V E of E by restrictingV toĤ E := H E ⊕ αV α L E . As usual we identify this space (by a canonical unitary) with H E ⊕ (Γ ⊗ D E ). Now from Theorem 2.2 (d) we immediately conclude that under a rather weak assumption, injectivity of the symbol Θ, our construction ofV already provides us with a minimal isometric dilation of the lifting E:
This means that for an injective symbol Θ the minimal isometric dilation of the lifting E = E C,Θ can be built in a straightforward way from the minimal isometric dilation of C together with the functional model for Θ. Now for the converse direction. We still have the row contraction C = (C 1 , . . . , C d ) on a Hilbert space H C , fixed once and for all. Suppose that we are further given a contractive lifting
We can now construct the minimal isometric dilation V E on the Hilbert space H E ⊕(Γ⊗D E ). Instead of e ∅ ⊗D E we can also write L E . Clearly V E is an isometric dilation of C on H C and hence we can find a version of the minimal isometric dilation V C by
is a subspace with dimension equal to the defect of C and hence can be identified canonically with D C . Both L E and L C are wandering subspaces of V E and we can think of the orthogonal projection
That this is indeed a multi-analytic operator can be directly verified from [Go12] , Theorem 1.2, for a systematic study of the construction of multi-analytic operators from pairs of wandering subspaces.
We set M(E) := M Θ which defines a map M from contractive liftings E of a given row contraction C to contractive multi-analytic operators
We also write M C (E) or M C,E if we want to include the dependence on the original row contraction C in the notation.
Recall from Section 2 that within the functional model we can in fact always think of M Θ as such a restriction of an orthogonal projection. By inspection we observe that if and only if in the construction of E we end up withĤ =Ĥ E the application of M after E just reconstructs the original M Θ . Thus from Proposition 3.1 we conclude:
To make the identity on the left explicit recall that in the functional model for It remains to determine and to examine the class of contractive liftings which correspond to multi-analytic operators in this way. Here α = α 1 . . . α m with α k ∈ {1, . . . , d} and m ∈ N ∪ {0}.
Equivalently, the lifting E is minimal if and only if
of a row contraction C the following are equivalent:
(a) E is minimal.
Proof. Let y ∈ H E . With ⊥ denoting the orthogonal complement in H E we have
We conclude that span{E α x : x ∈ H C , all words α} ⊥ = {0} if and only if
, which implies the proposition.
Remark: Comparing (b) with Lemma 3.5(iii) of [DG11] shows that what we have called a minimal lifting is the same as what was called a reduced lifting in [DG11] . We prefer the terminology 'minimal' because Definition 3.3 above is simpler and because this is consistent with the terminology 'minimal isometric dilation' which is the most important example of a minimal contractive lifting. A number of additional results about minimal or reduced liftings can be found in [DG11] , we only include the following basic property which foreshadows the connection between minimal liftings and functional models established later.
Proposition 3.5. The right lower corner A of a minimal contractive lifting E of C is completely non-coisometric.
Proof. Taking adjoints in the definition of minimal lifting we see that E is minimal if and only if there is no 0 = x ∈ H A = H E ⊖ H C such that * α x ∈ H A for all α. In other words, if E is minimal then for all 0 = x ∈ H A we find α such that
and because E is contractive it follows that A is completely non-coisometric.
Alternatively we could use Corollary 3.12 below to establish that A arises from a functional model and then quote Proposition 2.3(b) to get the result.
We now proceed to obtain minimal liftings from multi-analytic operators. Proof. Suppose the symbol of M(E) is not injective. By the definition of M(E) this means that there exists 0 = x ∈ L E which is orthogonal to
hence there exists j such that y :
. But x ∈ L E , hence x is also orthogonal to H E . It follows that x is orthogonal to L E and hence that x = 0, contradicting our assumption above.] Note that y ∈ H E and
, by assumption about x and because the V 
⊥ and E is not minimal by Proposition 3.4.
But injectivity of the symbol of M(E) does not imply minimality of E.
For example take a lifting E with B = 0 so that E is a direct sum of C and A. If H A = {0} this is clearly not minimal. In this case L E = L C ⊕ L A and if L A = {0}, that is if A is chosen to be isometric, then M(E) is the identity. Proof. This follows from Proposition 3.6 and Proposition 3.8.
Definition 3.10. Let E and E ′ be liftings of C. If there exists a unitary u : H E → H E ′ which intertwines E and E ′ and restricts to the identity on the subspace H C corresponding to C then we say that the liftings E and E Proposition 3.11. Let E and E ′ be minimal contractive liftings of a row contraction C. Then E and E ′ are unitarily equivalent liftings if and only if M C,E and M C,E ′ are equivalent.
Proof. The proof is easier to understand by always using the canonical identifications with full Fock spaces and defect spaces. Then L E = e ∅ ⊗ D E etc.
If E and E ′ are unitarily equivalent liftings then we can extend the unitary u to a unitaryû which intertwines the minimal isometric dilations V E and V E ′ and restricts to the identity on a space H C ⊕(Γ ⊗D C ) contained in both. By restrictingû we obtain a unitary v : L E → L E ′ providing the equivalence of M C,E and M C,E ′ . (Note that this direction is true even without assuming minimality.)
Conversely assume that M C,E and M C,E ′ are equivalent via v : D E → D E ′ . Again we identify the space of the minimal isometric dilation of C with H C ⊕ (Γ ⊗ D C ). Then by minimality of E we have H A ∩ (Γ ⊗ D C ) ⊥ = {0} from Proposition 3.4, with H A = H E ⊖ H C and using the identifications announced in the beginning of the proof. Taking orthogonal complements in the spaceĤ E of the minimal isometric dilation we note that (H A ) ⊥ = H C ⊕(Γ⊗D E ) and hence findĤ E = span{H C ⊕(Γ⊗D C ), Γ⊗D E }. Similarlŷ
and
this restricts to a unitary u : H E → H E ′ intertwining E and E ′ and being the identity on H C .
Corollary 3.12. For a contractive lifting E of a row contraction C:
E and E • M(E) are unitarily equivalent ⇔ E minimal.
Proof. By Proposition 3.6 we know that E•M(E) is always minimal. Because minimality is preserved by unitary equivalence, E and E • M(E) can only be unitarily equivalent if E is minimal. Conversely, if E is minimal then by Proposition 3.8 the symbol of M(E) is injective, hence by Proposition 3.2
M • E • M(E) = M(E)
and now Proposition 3.11 implies that E and E • M(E) are unitarily equivalent.
We remark that there is no canonical identification of H E ⊖ H C and H E•M(E) ⊖ H C and this unitary equivalence is the best we can expect.
Let us summarize the main results in the following
Theorem 3.13. Let C be a row contraction on a Hilbert space H C with defect ℓ. Then there is a one-to-one correspondence between unitary equivalence classes of minimal contractive liftings E of C and equivalence classes of injective symbols Θ :
The dimension of D is equal to the defect of E. The correspondence is provided by the maps M and E described above.
Proof. This follows by combining the results which are already worked out above. Let us denote byM respectivelyẼ the mappings between equivalence classes which are given by M respectively E on representatives. We have to prove that these are well defined and inverse to each other.
From Proposition 3.11 we find thatM is well defined and it maps into classes of injective symbols by Proposition 3.8. Conversely, assume that M and M ′ have injective symbols which are equivalent to each other. The liftings E = E(M) and E ′ = E(M ′ ) are both minimal by Proposition 3.6. By Proposition 3.2 we have M(E) = M and M(E ′ ) = M ′ and we conclude from Proposition 3.11 that E and E ′ are unitarily equivalent. HenceẼ is well defined and maps into classes of minimal liftings. We haveM •Ẽ = id from Proposition 3.2 and we haveẼ •M = id by Corollary 3.12. Proposition 3.1 shows that the dimension of D is equal to the defect of E.
By this one-to-one correspondence it is justified in the case of minimal contractive liftings E to call M C,E the characteristic function of the lifting E. This terminology has been introduced in [DG11] . With the theory developed above we have completely solved the open problem formulated at the end of Section 3 in [DG11] to classify the symbols which can occur as characteristic functions of minimal contractive liftings: exactly the injective symbols can and do occur. Proof. This is a restatement of Proposition 3.8 and Proposition 3.2.
Note the following easy examples. First, if H A = {0} then we have the trivial lifting E = C. This is a minimal lifting and the characteristic function M C,E is the identity (here L E = L C ). Second, if E is the minimal isometric dilation of the row contraction C then this is a minimal lifting and the characteristic function M C,E is the zero function. Here L E = {0}, so it is the zero function on the zero space and hence injective: no contradiction to Theorem 3.13. We see more complicated examples in the following sections. Proof. This is obvious because both sets are in one-to-one correspondence with the classes of injective symbols described in Theorem 3.13.
The one-to-one correspondence established in Theorem 3.13 very naturally leads to the possibility to examine the structure of the set of minimal contractive liftings via the corresponding characteristic functions. Along these lines we obtain a result about the factorization of the characteristic function of a minimal lifting.
Theorem 3.16. Let C be a row contraction on a Hilbert space H C . If E is a minimal contractive lifting of C on a Hilbert space H E ⊃ H C and
′ is a minimal contractive lifting of C and for the characteristic function we have
Conversely, if E ′ is a minimal contractive lifting of C on a Hilbert space
Proof. The first half is Theorem 4.1 of [DG11] . Its proof can be simplified in the present setting. It is easy to check that contractivity and minimality are both preserved if we iterate liftings. Further letĤ
the spaces of minimal isometric dilations for which we haveĤ E ′ ⊃Ĥ E ⊃Ĥ C if we iterate liftings. We can think of M C,E ′ as the orthogonal projection P C,E ′ fromĤ E ′ ontoĤ C restricted to Γ ⊗D E ′ because this maps to Γ ⊗D C . Similar for M C,E and M E,E ′ . With this observation the factorization M C,E ′ = M C,E M E,E ′ follows from the obvious factorization P C,E ′ = P C,E P E,E ′ .
Let us now prove the converse direction. We use the map E, in particular Corollary 3.14 and Proposition 3.1. From M 1 with its injective symbol Θ 1 : D → Γ ⊗ D C we can build the minimal contractive liftingẼ = E C,M 1 of C which has characteristic function M 1 and defect equal to dim D. Then from M 2 with its injective symbol Θ 2 : D E ′ → Γ ⊗ D we can build the minimal contractive liftingẼ ′ = EẼ ,M 2 ofẼ which has characteristic function M 2 .
We can think ofẼ ′ as a minimal contractive lifting of C with characteristic function M 1 M 2 , by the first part above (or Theorem 4.1 in [DG11] ). Hence with the assumption that E ′ has characteristic function M 1 M 2 we can use Proposition 3.11 to conclude that E ′ andẼ ′ are unitarily equivalent as liftings of C. If we use this unitary to rotate the liftingẼ then we obtain a minimal contractive lifting E of C with the properties required.
Characteristic Functions of Completely Noncoisometric Row Contractions
Recall [Po89b] , Theorem 4.1, that if we construct the functional model for M A and then form the compression to H A (as we did more general in Section 2) then we recover the original A we started from, up to unitary equivalence. Our Proposition 2.3 implies that this is only possible if A is completely non-coisometric and the functional model from M A adds the insight that all completely non-coisometric row contractions can be obtained in this way. It also follows from [Po89b] , Section 4, that the functional model row isometry V from M A which we considered in Section 2 is the minimal isometric dilation of A.
Recall that a contractive multi-analytic operator
We attach a name, motivated in Section 5, to another property which already appears in [Po89b] as (5.1). 
for all j. Because Θ(d) < d we have ∆(d) = 0, so the Szegö condition cannot hold.
Theorem 4.3. Let C = (C 1 , . . . , C d ) be a row contraction on a Hilbert space H C and
be a minimal contractive lifting on a Hilbert space Proof. Note that because E is minimal the symbol Θ of M C,E is injective by Proposition 3.8. Restricted to H Θ =Ĥ E ⊖H C the minimal isometric dilation V E is given by the functional model row isometry V corresponding to M C,E , as described in Section 2. With Theorem 2.2(d) and Proposition 2.3(c) we see that here L A = L E is equivalent to V on H Θ being the minimal isometric dilation of A. Recall that V can be represented by
for x⊕∆y ∈ (Γ⊗D C )⊕∆(Γ⊗D E ). The Szegö condition says exactly that the ranges of the maps ∆(L j ⊗ I) for all j = 1, . . . , d have as their closed linear span the whole space
We can now verify the first part of the theorem. Note that if we have L E = L A and L C = L * ,A then it is already automatic that M C,E and M A are equivalent: in this case both are described by the same restriction of an orthogonal projection. Assume L E = L A . Then Θ has no constant directions by Theorem 2.2(d),(e) and hence M C,E is also purely contractive by Lemma 4.2. Assume additionally L C = L * ,A . Then the Szegö condition holds, as shown above.
Conversely from the Szegö condition together with M C,E purely contractive we conclude by Lemma 4.2 that Θ has no constant directions which implies L E = L A , again by Theorem 2.2(d),(e). As shown above, under this condition the Szegö condition also implies L C = L * ,A .
If we start with any completely non-coisometric row contraction A then by the results in [Po89b] reviewed in the beginning of this section the functional model for M A provides a minimal isometric dilation for A. If we choose any C with defect equal to dim L * ,A then we can build E = E(M A ) (as shown in the beginning of Section 3) with The unitary equivalence statement of Theorem 4.3 and the content of Corollary 4.4(a) already appear in [Po89b] . We find it remarkable that the unitary equivalence part can be deduced in such a natural way from our theory of liftings and we claim that our proof of Corollary 4.4(a) is a simplification compared to [Po89b] . Our analysis also suggests that having no constant directions is a more fundamental property compared to purely contractive.
Examples from Schur Functions
We are content in this section to illustrate our results by examples and do not develop a complete theory. Recall that an analytic function Θ in the open unit disk which satisfies f ∞ ≤ 1 is called a Schur function. We refer to [Ho88] for further information about Schur functions. We can think of Θ as a symbol of a contractive multiplication operator M Θ on the Hardy space H 2 , the Hilbert space of analytic functions in the open unit disk with square summable Taylor coefficients and isomorphic in this way to a sequence space ℓ 2 . This is the special case d = 1 and dim D = 1 = dim L in our general scheme for contractive multi-analytic operators. Note that, to simplify notation, we use Θ in two different ways here: the Schur function z → Θ(z) for z ∈ C with |z| < 1 has a sequence of Taylor coefficients which is the image of 1 ∈ C ≃ D under Θ if used in the way we introduced the symbol for multi-analytic operators. Note also in this respect that identifying a one-dimensional space with C is not canonical but involves the choice of a unimodular factor. We call the Schur function the spectral representation of Θ. Note further that a Schur function Θ represents an injective symbol (in the sense used in previous sections) if and only if it is non-zero. Two Schur functions Θ and Θ ′ are equivalent in the sense of Definition 3.10 if and only if Θ ′ = c Θ with c ∈ C and |c| = 1. Let C be a contraction with defect equal to 1. Then by Theorem 3.13 we have a one-to-one correspondence between unitary equivalence classes of minimal contractive liftings E with defect equal to 1 and non-zero Schur functions (up to unimodular complex factors). Applying Theorem 2.2 we confirm that for all non-zero Schur functions dim L E = 1 (equal to the defect of E) and find in addition that always dim L A ≤ dim D = 1 and that dim L A = 1 if and only if (the spectral representation of) Θ is not a constant function.
Example 5.1. Let C = 1 2 be the contraction on a Hilbert space H C = C. The defect is equal to 1. Consider the Möbius transformation Θ(z) = z − α 1 −ᾱz , |α| < 1. Because Θ is an inner function, the multiplication operator
2 is isometry and we note that ∆ :
and equal to the scalar multiples of the function z
We want to construct the lifting E = E C,Θ , compare the beginning of Section 3. We findĤ = H C ⊕ H 2 with the isometryV (see the beginning of We finally note that any factorization Θ = Θ 1 Θ 2 among non-zero Schur functions leads to a corresponding factorization of liftings, by Theorem 3.16. In particular the lifting in the previous example can be factorized in many ways. But we postpone a detailed investigation of this phenomenon to another place.
Appendix: Geometric Lemma
The following Lemma describes a geometric structure arising from any row isometry with an invariant subspace. These results play an important role in discussing the injectivity of symbols and hence in establishing the one-to-one correspondence between minimal contractive liftings and injective symbols described in Theorem 3.13. We use the same notation as in this application but it makes sense to discuss it separately because it is a result about invariant subspaces in general. 
